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Quantitative irreversibility
• Small systems are subjected to 

thermal fluctuations.

5 µm
• Only partial information is available.

~10 nm

ATP

ADP+P

Chemical 
fuel

Work

Irreversible Heat 
dissipation

Entropy ↑

• Entropy production constrains the 
amount of extractable work 

ሶ𝑺 ≥ ሶ𝑆KLD ≡ lim
𝑡→∞

𝑘𝐵
𝑡

𝐷 𝒫 𝛾𝑡 ||𝒫 ෤𝛾𝑡

Parrondo, den Broeck, Kawai, New J. Phys., 2009

Entropy 
production rate 

Distinguishability between 
forward and reverse trajectories

Forward trajectory of duration 𝑡 Reverse trajectory

The entropy production rate ሶ𝑆 can be estimated by the 
distinguishability between forward and reverse trajectories, 
quantified by the KLD.

𝐷 𝑝 𝑥 ||𝑞 𝑥 = න
𝑥

𝑑𝑥 𝑝 𝑥 ln
𝑝 𝑥
𝑞 𝑥

≥ 0The Kullback-Leibler divergence (KLD), or the relative entropy, 
measures of how different two probability distributions are. 
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Stochastic Thermodynamics

ሶ𝑝𝑖 = ෍
𝑗

𝑊𝑖𝑗𝑝𝑗 = ෍
𝑗≠𝑖

𝑝𝑗𝜔𝑗→𝑖 − 𝑝𝑖𝜔𝑖→𝑗

𝜔𝑗→𝑖 𝑖𝑗

𝑘
𝑚

𝜔𝑖→𝑗
𝑖𝑗

𝑘
𝑚

1 2

4 3

state transition
• 𝑊 – Rate matrix
• 𝑊𝑖𝑗 = 𝜔𝑗→𝑖 transition rate 𝑗 → 𝑖

• Dynamics: ሶ𝑝 = 𝑊𝑝

𝜔𝑗→𝑖

𝑖𝑗
𝜔𝑖→𝑗

Continuous-Time Markov Chain (CTMC)

ሶ𝑺 = ෍
𝑗>𝑖

𝜋𝑗𝜔𝑗→𝑖 − 𝜋𝑖𝜔𝑖→𝑗 ln
𝜋𝑗𝜔𝑗→𝑖

𝜋𝑖𝜔𝑖→𝑗
≥ 0

Total Entropy Production Rate (EPR)

Current, 𝐽𝑗→𝑖 Thermodynamic force

1 2

H

• Only partial information is available
• A lower bound on the total EPR
• Non-Markovian dynamics

(2nd-order semi-Markov)

Mass rates
𝑛𝑖𝑗 = 𝜋𝑖𝜔𝑖→𝑗

ሶ𝑺 = ෍
𝑗>𝑖

𝑛𝑗𝑖 − 𝑛𝑖𝑗 ln
𝑛𝑗𝑖

𝑛𝑖𝑗
≥ 0

At the long-time limit, the system 
reaches a steady state

lim
𝑡→∞

𝑝𝑖 𝑡 = 𝜋𝑖

𝑡

Trajectory

1

2

3
4

𝑡
1
2
3
4

𝝅𝟐 =
𝑻𝒊𝒎𝒆@𝟐

𝑻𝒐𝒕𝒂𝒍 𝒕𝒊𝒎𝒆 𝒏𝟐𝟑 =
#𝟐 → 𝟑

𝑻𝒐𝒕𝒂𝒍 𝒕𝒊𝒎𝒆
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Coarse-graining

How do we estimate the EPR 
from the observed trajectory?

Notice:
Non-Markovian dynamics

𝑖1

𝑖3𝑖2

𝑗1

𝑗3𝑗2

𝑘1 𝑘2

𝑗4
𝐼

𝐽

𝐾

𝐼

𝐾

𝐽

𝐾 → 𝐼

Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 5(4), 2023
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Bounds on the total entropy production rate

• EPR from transitions between observed Markovian states

• No observed currents = trivial bound of 0

𝜎𝑝𝑝 - Passive Partial EPR

𝜎𝑝𝑝 = 𝜋1𝜔1→2 − 𝜋2𝜔2→1 log
𝜋1𝜔1→2

𝜋2𝜔2→1

Shiraishi, N. and Sagawa, T. Physical Review E, 2015

4 3

1 2

𝐻

1 2

𝐻

= 𝑛12 − 𝑛21 log
𝑛12

𝑛21
Current 1 → 2
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Bounds on the total entropy production rate

Ignacio A. Martínez*, Gili Bisker*, Jordan M. Horowitz, and Juan M.R. Parrondo, Nature Communications, 2019

𝜎𝐾𝐿𝐷 - Kullback–Leibler Divergence Bound

Note: this is a non-Markovian system, as the residence 
time depants on the direction of the transition 
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Bounds on the total entropy production rate

• Consider states 𝑖𝑗
• Kullback-Leibler Divergence for second-order semi-Markov process

• 𝜎𝐾𝐿𝐷 = lim
𝑇→∞

1
𝑇

𝒟 𝒫 𝛾𝑇 𝒫 ෤𝛾𝑇 = 𝜎𝑎𝑓𝑓 + 𝜎𝑊𝑇𝐷

𝜎𝑎𝑓𝑓 =
1
𝒯

෍
𝐼,𝐽,𝐾

𝑝 𝐼𝐽𝐾 log
𝑝 𝐼𝐽 → 𝐽𝐾
𝑝 𝐾𝐽 → 𝐽𝐼

𝜎𝑊𝑇𝐷 =
1
𝒯

෍
𝐼,𝐽,𝐾

𝑝 𝐼𝐽𝐾 𝒟[𝜓 𝑡| 𝐼𝐽 → 𝐽𝐾 ||𝜓 𝑡| 𝐾𝐽 → 𝐽𝐼 ]

Ignacio A. Martínez*, Gili Bisker*, Jordan M. Horowitz, and Juan M.R. Parrondo, Nature Communications, 2019

4 3

1 2

𝐻

1 2

𝐻

𝜎𝐾𝐿𝐷 - Kullback–Leibler Divergence Bound

[12]
[2H]

[H1]

[12]

[21]

[1H]

[H1]

[1H]

[H2]

[12H] [1H2][2H1]
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Bounds on the total entropy production rate

Aishani Ghosal and Gili Bisker, Physical Chemistry Chemical Physics 24 (39), 2022

Inferring entropy production in continuous variable systems 
from partial information
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Currents may appear as only 
fluctuations in partially 
observed systems
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Bounds on the total entropy production rate

Skinner, D. J. and Dunkel, J., Proceedings of the National Academy of Sciences, 2021

4 3

1 2

𝐻

1 2

𝐻𝜎2 Bound

• Considering the first- (𝒪1) and second-order (𝒪2) transition statistics
▪ 𝒪1 - first order observed mass rates 𝑛𝐼𝐽
▪ 𝒪2 - second order observed mass rates 𝑛𝐼𝐽𝐾

[12]

[H1]

[12]

[21]

[1H]

[H1]
[H2]

[2H] [1H]

[12H] [21H] [1H2]
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Bounds on the total entropy production rate

Skinner, D. J. and Dunkel, J., Proceedings of the National Academy of Sciences, 2021

4 3

1 2

𝐻

1 2

𝐻𝜎2 Bound

• Considering the first- (𝒪1) and second-order (𝒪2) transition statistics
• Transforming the system into a canonical form

• Conserving the considered statistics
• Not raising the EPR

[12]

[H1]

[12]

[21]

[1H]

[H1]
[H2]

[2H] [1H]

[12H] [21H] [1H2]
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Bounds on the total entropy production rate

Skinner, D. J. and Dunkel, J., Proceedings of the National Academy of Sciences, 2021

4 3

1 2

𝐻

1 2

𝐻𝜎2 Bound

[12]

[H1]

[12]

[21]

[1H]

[H1]
[H2]

[2H] [1H]

[12H] [21H] [1H2]

• Considering the first- (𝒪1) and second-order (𝒪2) transition statistics
• Transforming the system into a canonical form
• Formalizing an optimization problem with constraints

𝜎2 𝐽 = ෍
𝐼≠𝐽≠𝐾

min
𝐶𝑎𝑛𝑜𝑛𝑖𝑐𝑎𝑙 𝑓𝑜𝑟𝑚 ℛ𝐼𝐽𝐾

𝜎𝑡𝑜𝑡 ℛ𝐼𝐽𝐾 |𝑛𝐼𝐽, 𝑛𝐽𝐼 , 𝑛𝐽𝐾, 𝑛𝐾𝐽, 𝑛𝐼𝐽𝐾, 𝑛𝐾𝐽𝐼

𝜎2 =
1
2

෍
𝐽

𝜎2 𝐽
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What information is exploited? 

?𝝈𝟐𝝈𝑲𝑳𝑫𝝈𝒂𝒇𝒇𝝈𝒑𝒑Bound

First- and second-
order transitions 
statistics of the 
observed states

𝑛𝐼𝐽, 𝑛𝐼𝐽𝐾

Statistics for second-
order semi-Markov 

process
𝐼𝐽 → [𝐽𝐾]

Transitions and 
waiting times

Statistics for second-
order semi-Markov 

process
𝐼𝐽 → [𝐽𝐾]

Transitions only!

Transitions 
between 
observed 

Markovian 
states

𝑛𝑖𝑗

Information 
used

𝜎𝑝𝑝 ≤ 𝜎𝑎𝑓𝑓 ≤ 𝜎𝐾𝐿𝐷

𝜎𝑝𝑝 ≤ 𝜎2
Hierarchy of the bounds:

Gili Bisker, Matteo Polettini, Todd R. Gingrich, and Jordan M. Horowitz, J. of Statistical Mechanics, 2017
Ignacio A. Martínez*, Gili Bisker*, Jordan M. Horowitz, and Juan M.R. Parrondo, Nature Communications, 2019
Skinner, D. J. and Dunkel, J., Proceedings of the National Academy of Sciences, 2021

Skinner & Dunkel:

Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 5(4), 2023
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New bound on the total entropy production rate

• Steady state probabilities – 𝜋𝐼

• First- and second-order transitions statistics – 𝑛𝐼𝐽, 𝑛𝐼𝐽𝐾

• Conditional waiting time statistics – 𝜓𝐼𝐽𝐾 𝑡
•  Requirement: The underlying topology!

• 𝜎𝑜𝑝𝑡
∞ 𝒮 = min

ℛ
𝜎𝑡𝑜𝑡 ℛ |∀𝐼,𝐽,𝐾:  𝜋𝐼

ℛ = 𝜋𝐼
𝒮, 𝑛𝐼𝐽

ℛ = 𝑛𝐼𝐽
𝒮 , 𝑛𝐼𝐽𝐾

ℛ = 𝑛𝐼𝐽𝐾
𝒮 , 𝜓𝐼𝐽𝐾

ℛ 𝑡 = 𝜓𝐼𝐽𝐾
𝒮 𝑡

4 3

1 2

𝐻

1 2

𝐻

4 3

1 2 1 2

𝐻

[12]

[H1]

[12]

[21]

[1H]

[H1]
[H2]

[2H] [1H]

[12H] [21H] [H1H]

𝑡2𝐻1 𝑡1𝐻1

𝜎𝑜𝑝𝑡

Eden Nitzan

Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 5(4), 2023
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New bound on the total entropy production rate
𝜎𝑜𝑝𝑡

• Analytical expressions of the observables in terms of 𝜋𝑖, 𝑛𝑖𝑗
ℛ = ℛ 𝜋𝑖, 𝑛𝑖𝑗

• Linear constraints:
• 𝜋𝐼 = σ𝑖∈𝐼 𝜋𝑖  - probability conservation
• 𝑛𝐼𝐽 = σ𝑖∈𝐼,𝑗∈𝐽 𝑛𝑖𝑗 - mass conservation
• ∀𝑖: σ𝑗 𝑛𝑖𝑗 = σ𝑗 𝑛𝑗𝑖  - mass conservation at each state 𝑖

• Non-linear constraints:
• 𝑛𝐼𝐽𝐾 𝜋𝑖, 𝑛𝑖𝑗

• 𝜓𝐼𝐽𝐾 𝑡; 𝜋𝑖, 𝑛𝑖𝑗

𝑖1

𝑖3𝑖2
𝑗1 𝑗2

𝐼 𝐽𝑛𝑖1𝑗1

𝑛𝑖1𝑗2

𝑛𝑖3𝑗1

𝑛𝑖2𝑗2

𝑛𝐼𝐽 = σ𝑛𝑖𝑗

𝜋𝑖1

𝜋𝑖3𝜋𝑖2

𝜋𝐼 = σ𝜋𝑖

𝐼

The optimization 
variables

Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 5(4), 2023
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New bound on the total entropy production rate

• 𝜎𝑜𝑝𝑡
∞ 𝒮 = min

ℛ
𝜎 ℛ |∀𝐼,𝐽,𝐾: 𝜋𝐼

ℛ = 𝜋𝐼
𝒮, 𝑛𝐼𝐽

ℛ = 𝑛𝐼𝐽
𝒮 , 𝑛𝐼𝐽𝐾

ℛ = 𝑛𝐼𝐽𝐾
𝒮 , 𝜓𝐼𝐽𝐾

ℛ 𝑡 = 𝜓𝐼𝐽𝐾
𝒮 𝑡

• 𝜎𝑜𝑝𝑡
(𝑛) 𝒮 = min

ℛ
𝜎 ℛ |∀𝐼,𝐽,𝐾: 𝜋𝐼

ℛ = 𝜋𝐼
𝒮, 𝑛𝐼𝐽

ℛ = 𝑛𝐼𝐽
𝒮 , 𝑛𝐼𝐽𝐾

ℛ = 𝑛𝐼𝐽𝐾
𝒮 , ∀𝑘∈ 1,…,𝑛 : 𝑡𝐼𝐽𝐾

𝑘 ℛ = 𝑡𝐼𝐽𝐾
𝑘 𝒮

• ∀𝑛 ∈ 𝑁 ∶  𝜎𝑡𝑜𝑡 𝒮 ≥ 𝜎𝑜𝑝𝑡
∞ 𝒮 ≥ 𝜎𝑜𝑝𝑡

(𝑛) 𝒮 ≥ ⋯ ≥ 𝜎𝑜𝑝𝑡
(1) 𝒮

𝑡𝐼𝐽𝐾
𝑘 = −1 k 𝑑𝑘 ෨𝜓𝐼𝐽𝐾 𝑠

𝑑𝑠𝑘 ቚ
𝑠→0

𝜎𝑜𝑝𝑡

Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 5(4), 2023
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New bound on the total entropy production rate

𝝈𝒐𝒑𝒕𝝈𝟐𝝈𝑲𝑳𝑫𝝈𝒂𝒇𝒇𝝈𝒑𝒑Bound

Steady states probabilities 
𝜋𝐼

First- and second-order 
transitions statistics

𝑛𝐼𝐽, 𝑛𝐼𝐽𝐾
Waiting time statistics 

⟨𝑡𝐼𝐽𝐾
𝑘 ⟩

Underlying topology

First- and second-
order transitions 
statistics of the 
observed states

𝑛𝐼𝐽, 𝑛𝐼𝐽𝐾

Statistics for second-
order semi-Markov 

process
𝐼𝐽 → [𝐽𝐾]

Transitions and 
waiting times

Statistics for second-
order semi-Markov 

process
𝐼𝐽 → [𝐽𝐾]

Transitions only!

Transitions 
between 
observed 

Markovian 
states

𝑛𝑖𝑗

Information 
used

𝜎𝑝𝑝 ≤ 𝜎𝑎𝑓𝑓 ≤ 𝜎𝐾𝐿𝐷

𝜎𝑝𝑝 ≤ 𝜎2
Hierarchy of the bounds: ൡ ≤ 𝜎𝑜𝑝𝑡

Gili Bisker, Matteo Polettini, Todd R. Gingrich, and Jordan M. Horowitz, J. of Statistical Mechanics, 2017
Ignacio A. Martínez*, Gili Bisker*, Jordan M. Horowitz, and Juan M.R. Parrondo, Nature Communications, 2019
Skinner, D. J. and Dunkel, J., Proceedings of the National Academy of Sciences, 2021
Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 2023

Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 5(4), 2023
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Results

• 4-state system

4 3

1 2

𝐻
(a)

(b)

1 2

𝐻

𝐹 𝐹

Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 5(4), 2023



Gili Bisker
Biskerlab.com 32

Results

𝜇 = 0 𝜇 = 1 𝜇 = 2 𝜇 = 3

• Molecular motor

ADP

ATP 𝜇

𝑖𝑖’

𝑖 + 1

𝐹

𝑖 − 1𝑖 − 1 ’

𝑖 + 1 ’

...

...

𝑖 + 1

𝑖 − 1

𝑖

...

...

PassiveActive

Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 5(4), 2023



Gili Bisker
Biskerlab.com 33

Results

• What if we don’t know the underlying topology?
➢We assume a simple model 4 3

1 2

𝐻

4 3

1 2

𝐻
5 6

4 3

1 2

𝐻 5

4 3

1 2

𝐻

Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 5(4), 2023
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Results

• Accuracy of the statistics

• Constraint tolerance

Eden Nitzan, Aishani Ghosal, and Gili Bisker, Physical Review Research, 5(4), 2023
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Summary
𝝈𝒐𝒑𝒕𝝈𝟐𝝈𝑲𝑳𝑫𝝈𝒂𝒇𝒇𝝈𝒑𝒑Bound

Steady states probabilities 𝜋𝐼
First- and second-order 

transitions statistics
𝑛𝐼𝐽 , 𝑛𝐼𝐽𝐾

Waiting time statistics ⟨𝑡𝐼𝐽𝐾
𝑘 ⟩

Underlying topology

First- and second-
order transitions 
statistics of the 
observed states

𝑛𝐼𝐽 , 𝑛𝐼𝐽𝐾

Statistics for second-
order semi-Markov 

process
𝐼𝐽 → [𝐽𝐾]

Transitions and waiting 
times

Statistics for second-
order semi-Markov 

process
𝐼𝐽 → [𝐽𝐾]

Transitions only!

Transitions 
between 
observed 

Markovian states
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• AC Barato, U Seifert, PRL, 2015
• TR Gingrich, JM Horowitz, N Perunov, J. 

England, PRL, 116, 2016
Milestoning-based estimators 
• Kristian Blom, Kevin Song, Etienne Vouga, Aljaž 

Godec, and Dmitrii E. Makarov, PNAS, 2024
Reformulation of semi-CG
Uri Kapustin, Aishani Ghosal, and Gili Bisker, 
Physical Review Research, 2024
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